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Abstract—From residential homes to commercial outlets and
industrial warehouses, shelves are widely used to store a variety of
objects. We conjecture that optimizing object arrangements can
significantly improve the efficiency of searching and retrieving
target objects for robots and automation systems. We formalize
the Optimal Shelf Arrangement (OSA) problem, which, given a
set of objects’ access frequencies and movement costs, optimizes
their placement on a shelf to minimize access time. We present
OSA-MIP, a mixed-integer program (MIP), show that it finds
an optimal solution for OSA under certain conditions, and
provide bounds on its suboptimality in general cost settings.
We further present OSA-MIP-Stack, which extends the setting
to environments that allow object stacking. Additionally, we con-
sider improving a given suboptimal object arrangement through
efficient rearrangement. Experiment results from over 2,700
simulated shelf trials and 54 physical trials using a Fetch robot
equipped with a suction grasping tool and pushing blade suggest
that an optimal arrangement can reduce the expected retrieval
cost by 60-80% in fully-observed configurations and reduce the
expected search cost by 50-70% while increasing the search
success rate by up to 2x in partially-observed configurations.

Note to Practitioners—While there is a large literature on task
and motion planning that studies how to rearrange objects from
one arrangement to another, there is little research on what an
ideal “target” arrangement should be. This article demonstrates
that an optimal arrangement of objects makes searching and
retrieving objects on shelves significantly easier. We present the
Optimal Shelf Arrangement (OSA) problem and algorithms to
solve it. Although we assume access to a robot that can push
and use a vacuum suction cup gripper, practitioners can adapt
the OSA model to their own hardware and shelf constraints
and objectives. Also, the algorithms for improving existing shelf
arrangements can be applied to scenarios where the objects are
already on the shelves rather than to be arranged from scratch.

Index Terms— Warehouse management, inventory manage-
ment, object arrangement and rearrangement, mixed-integer
programming, optimization, mechanical search, robot retrieval,
warehouse layout.
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Fig. 1. Two examples of optimized shelf arrangements found by OSA-MIP
for n = 6 and n = 8 objects in a discretized 4 x 3 physical shelf. Top: Given
8 objects, a volunteer ranks them in the order of how frequently the person
uses them. We use the weight of each object as a proxy for the robot retrieval
costs (e.g., suction grasps are more likely to fail for heavier objects). Bottom:
An optimal arrangement solution found by OSA-MIP for 6 objects (excluding
the first and last object in the priority list) and for 8 objects respectively.
OSA-MIP trades off priority and moving costs while leaving space between
objects to allow pushing actions.

I. INTRODUCTION

FFICIENT object retrieval from cluttered shelves is an

important capability for robots in a variety of automation
scenarios, such as homes, stores, and warehouses, where
heterogeneous objects are placed on shelves, cupboards, and
fridges. The arrangement of objects on the shelves has the
potential to significantly influence retrieval time, particularly
when the objects are diverse. For instance, placing frequently
accessed objects at the front of the shelf, rather than the back,
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can significantly reduce the time required for the robot to
retrieve them.

In contrast to overhead-access environments like bins where
target objects are grasped from the top, shelf environments
are restricted to lateral-access motions: to retrieve a target
object, obstacles blocking its path must be moved first. Prior
research on robot manipulation of objects in shelf-like envi-
ronments has explored task and motion planning for object
rearrangement [1], [2], [3] and the placement of relocated
objects during the rearrangement process [4]. This paper
considers what makes a good arrangement—specifically, how
to arrange (or rearrange) objects on a shelf to reduce robot
retrieval cost. Shelves often contain objects with varying
retrieval frequencies and movement costs. For example, in a
refrigerator, items that are frequently used, such as milk,
should be placed near the front for easy access, whereas less
frequently used items or those that are more difficult to move,
such as olive jars, should be placed near the back to avoid
blocking the retrieval of other objects. In this work, we model
the retrieval probability and movement cost of each object and
formulate the problem of Optimal Shelf Arrangement (OSA):
find an arrangement of objects on a shelf that minimizes the
expected cost of retrieval. In warehouse or commercial shelf
applications, such retrieval frequencies are often available
from past statistics. In home applications, a robot can either
ask the users to provide such information or use some generic
priors (such as one obtained from a large language model) as
default.

We consider robots that can perform both pushing and pick-
and-place actions. In Huang et al. [5], the authors propose a
bluction tool, which is a combined pushing blade and suction
grasping end-effector and can both push the objects left or
right and perform pick-and-place. We assign costs both to
each object and to the action type (i.e., the cost is action-
and object-specific but path-independent) as in Han et al. [6].
These costs can represent the time and effort required to
relocate each object. For example, one can model a higher cost
of suction pick-and-place for a heavier or irregularly-shaped
object as it may be challenging or take longer to form a robust
suction on it.

The problem of finding an optimal arrangement of objects
on a shelf is challenging because it requires solving a nested
optimization problem: for each arrangement, finding and com-
puting the cost of an optimal action sequence that clears
a path to retrieve each target object involves a state-space
search itself (see Sections VI and IX). To address the com-
putational challenges of the nested optimization problem,
we propose OSA-MIP, a mixed-integer program (MIP) that
finds a near-optimal solution to OSA. OSA-MIP discretizes
the shelf and optimizes the assignment of object locations by
minimizing an upper bound on the expected retrieval cost.
We provide conditions under which the MIP finds an exact
optimal solution and bounds on its suboptimality in more
general cases. Through simulation experiments, we evalu-
ate how OSA-MIP performs compared to baseline methods
such as random and priority-greedy arrangements in terms of
expected retrieval cost.
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Although OSA seeks to optimize object retrieval when the
configurations of all objects are known, we hypothesize that
an optimally-arranged shelf can also improve the efficiency of
object search when their positions are unknown, a problem
known as mechanical search [7]. To test this conjecture,
we evaluate the performance of OSA-MIP arrangements by
comparing the performance of a lateral-access mechanical
search policy, SLAX-RAY [5], in both simulated and physical
experiments.

This paper is a revised and substantially extended version
of the conference paper [8]. We extend [8] to the setting
where objects are allowed to be stacked on top of each
other and propose OSA-MIP-Stack that accounts for additional
constraints on stacking and retrieval cost associated with
destacking objects. Second, we extend to the scenario where
objects are already on the shelf and we seek to improve
the arrangement through a few manipulation steps instead of
arranging them from scratch. For both settings, we conduct
simulation experiments to evaluate optimized shelves com-
pared to other arrangements.

Including the contributions from [8], this journal paper
makes 5 contributions:

1) A formulation of the Optimal Shelf Arrangement (OSA)
problem.

2) OSA-MIP, a mixed-integer program (MIP) that finds
an optimal solution to the OSA problem under certain
conditions with a suboptimality bound for general cost
settings.

3) OSA-MIP-Stack, an extension of OSA-MIP that consid-
ers object stacking and finds a near-optimal solution to
the OSA problem.

4) An arrangement improvement algorithm that achieves
a 15-85% reduction in the retrieval cost with fewer
than 5 rearrangement actions compared to random initial
arrangements.

5) Simulated experiments with 810 object sets compar-
ing 3 arrangement policies demonstrating a 60— 80 %
reduction in expected retrieval cost (full observability
case), and simulated and physical experiments compar-
ing 3 arrangement policies suggesting a 2x increase in
search success on dense shelves and up to 70 % reduc-
tion in the expected search cost (partial observability
case).

II. RELATED WORK
A. Storage Assignment Policies

There is a rich literature in operations research on the
design of warehouse layouts [9], [10], [11], [12], [13], [14],
[15] and storage allocation policies in automated storage and
retrieval systems (AS/RS) [16], [17], [18], [19], [20]. For
example, Oniit et al. [21] focus on minimizing the total travel
distance of the storage rack in the optimal design of warehouse
layouts, taking into account the handling cost of each item
type and their annual throughput. Yang et al. [22] study the
optimal rack dimension design for AS/RS that minimizes the
travel time for a random storage strategy. Hausman et al. [23]
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compare random, turnover-based, and class-based turnover
policies for storage assignment, and show that turnover-based
assignment minimizes the expected one-way travel time [24].
See Johnson and Brandeau [25] and Bahrami et al. [26] for a
literature review. Unlike cranes in AS/RS systems that can
access and transport any pallets, objects in a lateral shelf
environment can only be accessed when all the obstacles
in front of them are cleared. Therefore, computing the total
expected retrieval cost requires computing a rearrangement
plan for each target object.

B. Moving-Block Problems

Grid-based storage systems are challenging for motion
planning [27], [28]. One category of widely-studied problems
is single-robot motion planning with movable obstacles, rep-
resented by the moving-block problems such as the games
Sokoban, Pukoban, and Atomix, where a movable block tries
to move k other movable blocks into specified target locations
through push and/or pull actions on a grid-square maze.
Pereira et al. [29] prove that many moving-block problems
are NP-hard or PSPACE-complete. See Uehara [30] for a
review of the computational complexity of puzzles and related
topics. Another category is remote motion planning to move
a robot from its initial position to a goal position without
colliding with obstacles, such as the PSPACE-complete game
Rush Hour [31] and the NP-Hard graph motion planning with
one robot (GMPIR) problem [32]. Other related problems
include the single-item retrieval planning problem with mul-
tiple escorts (SRPME), which aims to find a multi-robot/item
motion plan that brings the requested item to an output location
while minimizing the total number of item-moves [33], and
puzzle-based storage systems [34], [35], [36], [37], [38],
where finding the fewest-move solution for a given order is
NP-hard [39]. Unlike grid-based storage systems, where all
items are routed through conveyors so they can move as long
as there is space next to them, in the shelf environment, an item
can only be moved when it is accessible by the robot located
in the front of the shelf.

C. Computer Memory Allocation

Finding an optimal arrangement of objects on a shelf
has a similar goal to data and memory allocation for chip
multiprocessors, and more specifically, the problem of task
scheduling of applications on multiple processors to min-
imize energy consumption or execution time [40]. Integer
programming is a commonly used technique to solve such
memory partitioning problems [41], [42], [43], [44], [45], [46],
[47]. The OSA-MIP proposed in this work shares similarities
with those integer program formulations, such as that of
Ozturk et al. [44], which considers data access frequencies for
memory partitioning to minimize overall energy consumption.
However, the constraints of OSA-MIP focus on the clear-
ance of obstacles for retrieval instead of partitioning memory
components.
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D. Object Rearrangement and Optimal Arrangement

Manipulation planning among movable obstacles (MAMO)
[48] is a generalization of the navigation among mov-
able obstacles (NAMO) problem, which is NP-hard [49].
Prior work [1], [50] studies the task and motion plan-
ning for rearranging multiple objects on a tabletop from
one configuration to another using pick-and-place actions.
Cheong et al. [4] focus on the subproblem of deciding
where to place relocated objects for object rearrangement.
Shome et al. [51], [52] study the multi-robot arm scenario and
formulate mixed-integer programs (MIPs) using a graph rep-
resentation. Wang et al. [3] develop a dynamic programming
algorithm for rearranging cylindrical-shaped objects into a
target configuration while minimizing the number of object
transfers and avoiding object-object collisions. They extend the
algorithm to incorporate robot-object collision in [53]. Other
researchers [54], [55], [56] have also explored the problem of
placing objects onto a cluttered surface, where existing objects
must first be rearranged to create space.

Nam et al. [2] propose a task planner for relocating obstacles
on a shelf using lateral pick-and-place actions until a target
object becomes reachable. Their model assumes that all objects
are cylinders graspable from any angle relative to the normal
of the shelf backplane. In contrast, we assume the objects can
only be accessed along the normal of the shelf backplane, and
focus on finding an arrangement optimized for object retrieval,
rather than the rearrangement motion planning problem with
a given target arrangement.

Prior work has also studied the task of constructing a
tidy layout of heterogeneous objects. Kang et al. [57] arrange
objects by first training a model to learn spatial and pairwise
relationships between objects and to understand human pref-
erences. Abdo et al. [58] use collaborative filtering based on
crowd-sourced data to tidy up objects on shelves by predicting
user preferences. Jiang et al. [59] use supervised learning with
point cloud data to learn object placements that are not only
stable but also semantically preferred. Human poses have also
been taken into consideration when learning object placement
[60]. In contrast, the objective of object arrangement in this
work is to enable easy retrieval and search by the robot.

E. Mechanical Search on Shelves

Mechanical search [61] is the task of searching and extract-
ing an occluded target object from a cluttered and partially
observable environment. Gupta et al. [62] propose an interac-
tive approach that involves exploring the environment until the
state of every voxel is known. Meanwhile, Dogar et al. [63]
propose both a greedy search and an A* search algorithm.
Lin et al. [64] extend the problem to additionally restrict
removing objects from the shelf and consider using pushing
actions for large ungraspable objects. Other researchers [65],
[66], [67] have also modeled the problem as a Partially
Observable Markov Decision Process (POMDP) to account
for observation uncertainty due to partial occlusion and
action uncertainty. Recently, Huang et al. [5], [7] proposed
a SLAX-RAY policy for object search by maximizing the
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reduction in the support area of a target object occupancy
distribution, and an extension called “STAX-RAY” [68] for
searching objects that are stacked together in a shelf. In their
model, they use a “bluction tool,” a robot end effector that
combines a pushing blade and a suction cup gripper. In this
work, we demonstrate that an optimal shelf arrangement can
both increase the search success rate and reduce the cost of
SLAX-RAY and STAX-RAY searches in partially observable
simulated and physical mechanical search settings.

III. OSA PROBLEM STATEMENT

We first describe the Optimal Shelf Arrangement (OSA)
problem and our modeling assumptions. We consider a rectan-
gular shelf discretized into a m, x m, grid with the coordinate
frame shown in Figure 2. Given n objects of similar size,
a distribution of object retrieval frequencies, and the cost of
moving each object, the goal of OSA is to find an arrangement
that minimizes the expected cost of retrieval. We assume each
object [/ occupies one cell (i, j), where i € {1, ..., m,}, j €
{1, ..., my}. In Section VII, we consider the extension where
multiple objects are allowed to be stacked on top of each other
in a cell. We call an object accessible if there are no obstacles
in front of it.

As in mechanical search [5], we consider two types of
actions: pushing with a planar “blade” (A,) and suction pick-
and-place (A;). At each timestep 7, the robot performs an
action a, € A and incurs a cost ¢ : A — Ry, where

A=A, UA,.

A. Pushing Actions

A pushing action a, = (i, j,d) € A,, where d € {—1, 1},
pushes an object located at (i, j) along the x-axis to cell (i 4
d, j). This action is feasible when the object is both accessible
and the target position is unoccupied.

B. Suction Actions

A suction action a; = (i, j, i’, j') € A, starts with the robot
forming a seal between the suction cup and the object located
at (i, j), followed by 4 linear motions: (1) lifting, (2) pulling
the object out of the shelf along the y axis (3) translating the
object along the x- and y-axes to column i’, row j’, and (4)
placing the object at its final position (i’, j'). This action is
feasible if the object is accessible, and the target position is
both unoccupied and accessible.

C. Removal Actions

If there are no available positions on the shelf for the object
to be relocated, a suction action a, = (i, j, —1, —1) € A,
places the object outside the shelf. The robot incurs a penalty
for removing an object from the shelf, as it results in more
planning and execution time to move the robot base to access
buffer spaces outside the shelf [4].

OSA requires the following parameters:

o p;: a probability distribution for requesting object /;

e cjp: the cost of moving object / with a pushing action;

o ¢j5: the cost of moving object [ with a suction action;
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« c,: the penalty for removing an object from the shelf.

Let Ac; = ¢i5 — ¢jp, and Ac; > 0 VI. We assume Ac; >
0 because suction actions are more prone to failures such
as suction seal loss than pushing actions. Prior work [5] has
also empirically found that suction pick-and-place actions take
approximately 1.3x longer than pushing actions. Thus, we set
¢;s = 1.3 ¢, in our simulated and physical experiments, but
the OSA problem and the proposed OSA-MIP (Section V)
allow general ¢;, and c;; values.

Given an arrangement S [1.n] — [l.m,] x [1.my],
we let AS {a 0, . ;19 (1)} denote an optimal sequence
of actions to retrieve target object [ such that all obstacles in
front of / have been cleared and the total cost of the action
sequence cost(lS) = Zf.’:l c(af(l)) is minimized. The final
retrieval action is not included in A since its cost is the
same for all configurations. The cost of an arrangement S
is the expected cost of retrieval among all objects: C(S) =
Ei~p [cost(ls)]. The goal of OSA is to find an arrangement
§* = argming C(S) that minimizes the expected cost of
retrieval.

IV. SHELF DENSITY ANALYSIS

We define the density of a shelf as p :=

dense if p > 1— +m—m In Theorem 1, we show that when
the density exceeds this threshold, removal is unavoidable for
retrieving objects at the back of the shelf. For a square shelf
(my = my), this threshold is at least min,,-o(1 — P Ly n12) =
0.75. An arrangement S is hollow if there exists an empty
cell behind an occupied cell, and such empty cell is called a
cavity. The consolidation process pushes all objects as far back
as possible to remove all cavities from a hollow arrangement,
and we denote the resulting configuration Scopsol-

Theorem 1: There exists an arrangement that does not
require removing objects from the shelf to retrieve any target
if and only if the shelf is not dense.

Proof: First, we observe that for any retrieval target,
a hollow arrangement will not reduce the number of removals
required compared to its consolidated version, since the
number of available spaces does not change. Thus, for any
m, x my cell, to calculate the maximum number of objects
that can fit onto the shelf without requiring removal for
retrieving any objects, it suffices to only consider consolidated
arrangements.

Suppose the back m, — k rows are full, and there are
r objects in the first k rows. We only need to make sure
the backmost object can be successfully retrieved without
requiring any removal in each column. Consider any col-
umn and assume it has m,—k + u objects. To retrieve the
backmost object, we need to relocate m,—k + u — 1 objects
into the other columns, which have space equal to k(m, —
1) — (r — u) cells. So no removal is required if and only
if

ktmy —1)— (@ —u)>=my—k+u—1,

which simplifies to k > L’l

_ (my 7k)ml +r
b= mymy

By plugging k into density
(mv mytro l)m, +r

S T

My - my ' omemy

,weget p <
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Any denser shelf would not have an arrangement that avoids
removal for all target objects. [ |

V. OSA-MIP FORMULATION

We propose OSA-MIP, a mixed-integer program (MIP)
to solve OSA, and analyze its optimality in Section VI.
By assumption, to retrieve a target object, all obstacles in front
of it must be relocated. Recursively, to move each obstacle,
all objects in front of it must be first cleared using pushing or
suction actions. As we assume c;; > ¢;,, VI, pushing actions are
preferred over suction. Given these observations, we formulate
the MIP as:

A. Indices
I € {1, ..., n}: object index;
i €{l, ..., m}: x position of the grid;
j€{l, ..., my}: y position of the grid.

B. Exogenous Parameters

e D1, Clp, Cs, ;2 Tetrieval frequency and moving costs for
each object /.

C. Decision Variables

x;ij € {0, 1}: indicates whether object [ is at (i, j);

viij = 0: cost of retrieving object [ from (7, j), without
including removal penalties;

a;j € {0, 1}: indicates whether cell (i, j) is occupied;

e;j €{0, ..., my}: the number of objects in front of and
including cell (i, j);

fij € {0, 1}: indicates whether all cells in front of and
including (i, j) are empty;

di € {0, ..., my}: the number of empty cells at the
front of column i;

8;j € {0, 1}: indicates whether either (i — 1, j) or (i +

1, j) are open (i.e., pushes are available);

8;1.]. € {0, 1}: indicates whether object / is at (i, j) and

can be pushed or can only be suctioned, respectively;

d;; € {0,1}: indicates whether there is an object
at (i,j) that can be pushed behind another
object;

biij €10, ..., my, — 1}: the number of objects that must
be removed from the shelf to retrieve object / from

@ )

D. Objective

n ny m y

Minimize Z Z Z pi(iij + ¢rbiij) (1)

=1 i=1 j=1

The objective (1) minimizes the retrieval cost y;;; for each
object ! (which depends on ¢;, and c¢;) plus any removal
penalty incurred, weighted by object I’s retrieval frequency p;.
We show in Section VI that this quantity is an upper bound
on the true expected cost C(S).
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E. Constraints

szlij = 1, Vi (28.)
i=1 j=1
aj= > xij <1, Vi j (2b)
=1
0 ifa_y;j+a+1;=2, -
8ij = J ’] Vi, 2c
! | 1 otherwise, / (2)
1 ifx;; =6;;=1
8P = K Y ’ vi,i,j 2d
lij ’ 0 otherwise, / 2d)
1 ifx;;=1andé;; =0
—— Y Y ’ vi,i,j 2e
lij ’ 0 otherwise, J (2e)
Vi = 2 Z;’;ll Levppiy + crsdhyyd  if Xy =1, Vi, j
Y 0 if Xiij = 0, o
(2)
J
eij = Zaijr, Vl,] (Zg)
=1
1 if e,-j = 0, L.
ii = Vl, 2h
fi H 0 otherwise, / (2h)
my
di=> fj. Vi (2i)
j=1
1 if a;; =1 and either
N a,;l':fi,l':() or .. .
8;i = ’J ’J Vi, 2
! aiy1,; = fir1,; =0, J ()
0 otherwise,
by — max(e,/7x/,-j72;,_:115,-jr7Zi,#‘.d,~,0) if xi =1, Vii, j
i 0 if Xlij = 0, o
(2k)
Xiijs fij» 8ij» 815, 81y 817 € {0, 1}, VL, i, J, 21
vij € Reo, aij, biij, di, eij € Zzo, V1,1, j. (2m)

Constraints (2a) and (2b) ensure that each object has exactly
1 position and that each position has at most 1 object.
Constraint (2c) allows pushing if there is an adjacent empty
space in the row. Constraints (2d) and (2e) map the pushing
and suction actions to the object at (i, j). Constraint (2f)
computes the cost of retrieving object [ from (i, j), which is
the cost of moving all the objects in front of it. Constraint (2g)
computes the number of objects in front of and including cell
(i, j), and constraint (2h) binarizes it. Constraint (2i) computes
the space available in the front of the shelf. Constraint (2j)
specifies that an object does not take up space in an empty
aisle when pushed horizontally if and only if at least one of
the cells to the left or right of the object is both empty and not
part of an empty aisle. Constraint (2k) computes the number
of objects removed from the shelf when retrieving object I,
which is equal to the total number of obstacles in front of
[ less those that can be pushed behind other objects and the
number of empty spaces in the front of other columns. All of
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the switch-case constraints can be linearized by introducing
auxiliary variables. By Theorem 1, if the shelf is not dense,
then an arrangement that does not require objects to be
removed for retrieval of any target object is possible. In this
case, we can add a constraint D, >, Z;";l pibiij <0 in
place of a large c,.

We comment that the above OSA-MIP assumes that all
objects are unique. Since the formulation of OSA focuses
on optimizing for the first retrieval request, if there are
two or more objects that are the same, we can simply
assign all of the retrieval probability mass to one of the
objects and O probability to all spare objects and then apply
OSA-MIP. Intuitively, this would put all spare objects at the
back of the shelf (to prevent them from blocking other objects),
and optimize the arrangement among the rest unique objects.
In practice, if there are multiple retrieval requests, one could
preprocess the probability distribution. For example, if there
are 10 objects of Category A with total probability of 60% of
requesting any one of them and one would like to optimize for
up to 3 requests, one could allocate the probability among 3 of
the 10 objects and put the remaining spares at the back. In this
work, we focus on optimizing for the first request, and while
we conduct simulation experiments to empirically evaluate
sequential retrievals in Sections VIII and IX-A, we leave a
rigorous treatment of sequential retrieval to future work.

VI. OPTIMALITY ANALYSIS OF OSA-MIP

In this section, we analyze the optimality of OSA-MIP’s
solutions. Since action costs are object dependent, it is possible
that taking preemptive actions that first rearrange the available
shelf space, instead of only relocating obstacles in front of the
target, ends up being cheaper even if it requires more action
steps. This means that finding an optimal action sequence
Af to retrieve each object [ requires a state-space search
itself in the general cost settings (e.g., see A* search in
Section IX). However, finding an optimal arrangement S* =
arg ming [, [cost(I)] through nested optimization, where
each inner cost computation requires solving a tree-search
subproblem for every target object, is intractable.

Instead, OSA-MIP computes an upper bound of the optimal
retrieval cost for each object and minimizes that upper bound.
Formally, we call an action sequence Af non-preemptive if
it only involves relocating obstacles in front of the target
object I, and preemptive otherwise. Let cost(I¥) be the optimal
cost of retrieving target object / and ¢ S) =Eivp, [cost(I)]
be the corresponding expected retrieval cost when only
non-preemptive actions are allowed. Then, as OSA-MIP only
considers non-preemptive actions for tractability, it optimizes
for C(S) instead of C(S), with C(S) > C(S) VS, and may
obtain a suboptimal solution Sy;p when (S mip) < (8%
but C(Syp) > C(S*), where §* is an optimal arrangement.

Figure 2 illustrates an example where OSA-MIP may find
a suboptimal solution. In particular, if object 7 has a small
suction cost, it may be cheaper to retrieve object 6 in
arrangement (2b) than (2a) even though it takes one more
action, as illustrated by the arrows in Figure 2. However, as
OSA-MIP does not consider preemptive actions (the green
arrow) and will use a pushing action on object 4 and a suction
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Y, Back of Shelf y, Back of Shelf
A X “A X
3 © s 3 © s
2 5=—> 2 5= 7
1 4 7 1 4
—

(a) A suboptimal OSA-MIP solution (b) An optimal arrangement

Fig. 2. (a) An example where OSA-MIP finds a suboptimal arrangement for
retrieving object 6 if Acy < c¢7; < Acs and (ps+ pe)Acs > pecys and (b) an
optimal arrangement resulting in a lower cost retrieval despite more actions.
In (b), the optimal action sequence is to suction object 7 so that object 5 can
then be pushed. As OSA-MIP does not consider preemptive actions, it instead
leaves a cavity at (3,3) to push object 5.

action on object 5, it overestimates the retrieval costs for
arrangement (2b). It can be shown that if pg(Acs — Acy) >
psAcy > pe(crs— Acy), OSA-MIP will suboptimally find (2a)
even though (2b) is optimal. See [8] for a detailed analysis and
additional examples.

However, in cases where the cost saving for pushing com-
pared to suctioning is the same for all objects and preemptive
actions are not beneficial, OSA-MIP will be exact, as the
following theorem states.

Theorem 2: 1f ¢;s —c;, = Ac < min, ¢;, VI, then OSA-MIP
finds an optimal solution.

Proof: When ¢y — ¢, = Ac VI is a constant, cavity
locations are irrelevant (e.g., Figures 2a and 2b are equivalent).
If Ac < min; ¢;,, preemptive actions to rearrange the space
are not beneficial because each preemptive action creates
at most one space and 1 suction action is cheaper than
2 pushing actions. Therefore, OSA-MIP’s cost is exact and
it will produce an optimal solution. [ ]

Theorem 3: Let §* be an optimal arrangement and Sy;p
be an arrangement found by OSA-MIP. Then

C(S") =C(Surp) (3)
< min{ (S0, €SN} )
< min{kC(S"), C(SH)}, (5)

where k = maxl{%;}.

Proof: We always have C(S*) < C(Sy;p) < C(Sy;p) <
min{é (Sfonml), 6] (S*)}, WhAere the last inequality follows
from OSA-MIP optimizing C(.).

To show C(Sh,,..1) < kC(S*), let C(S) be the expected
retrieval cost for arrangement S if we increase ¢y, to be ¢, VI
and keep ¢, the same. As argued in Theorem 2, when ¢;, =
¢is VI, preeemptive actions have no benefit. Thus, CA‘(SZWU,) <
C(S., o) = C(ST) < kC(S*), where the equality is because
when pushing and suction costs are equal, the cost of retrieving
each object 1, cost(I®), is simply the cost of relocating (or
removing if necessary) all obstacles in front of /, which is

equal to cost(/Sema) for all S. |

VII. EXTENSION OF OSA TO STACKED OBJECTS

In this section, we extend OSA and OSA-MIP proposed in
Sections III and V to allow stacked objects on shelves. Object
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stacking is common in real life and it enables the shelf to
store more objects. We assume a discrete grid setting where
objects (of possibly different heights and sizes) are allowed
to be stacked on top of each other. Similar to Section III,
we consider two types of actions: pushing and suction, with
costs ¢;, and ¢, respectively and ¢;; < ¢, VI. Following
Huang et al. [68], we make the following assumptions on the
structure of the stacked environment and actions:

1) All objects must be directly supported by the shelf floor
or by a single object (i.e., no straddle is allowed);

2) There can be at most K objects stacking on top of each
other in any grid cell;

3) There is a known set of constraints regarding which
objects are allowed to be stacked on which objects. For
example, one may define that an object can only be
stacked on top of another object if the base area of the
former is smaller than that of the latter;

4) Pushing and suctioning stacked objects as a whole is not
allowed as we physically find such actions to be unstable
and unsafe;

5) An object can be pushed to the left or right only if the
object rests directly on the shelf and is not part of an
object stack, and the cell to the left or right of the object
is empty;

6) A suction action a, = (i, j, i/, j') € A, consists of two
parts: destacking and restacking. It picks up and retrieves
the top object in cell (7, j) (“destack™) using a suction
cup and then puts it on top of the top object (if any) in
cell (i’, j') (“restack”);

7) An object can be retrieved or destacked only if it is on
the top of an object stack and all obstacles obstructing
the horizontal retrieval path of the target object at its
current height along its column have been cleared;

8) An object can be restacked/placed in cell (i, j') only
if the horizontal insertion path along column i’ at the
height of the placement is free of obstacles and there
are fewer than K objects in cell (i’, j').

We present OSA-MIP-Stack. Compared to OSA-MIP
described in Section V, our decision variables now involve
another dimension: the level of each object. Levels are num-
bered from the bottom, and the maximum number of levels
allowed is K. We use the following notations:

A. Exogenous Parameters
h; > 0: height of object /;
rip € {0, 1}: indicates whether object [’ is allowed to be
stacked on top of object /.
Di, Cip, Cig, ¢ Tetrieval frequency and moving costs for
object [.

B. Decision Variables

xiijk € {0, 1}: indicates whether object / is put at (i, j)
position at level k;

viijk = 0: the cost of retrieving object / from (i, j) at level
k;

ujijk > 0: the height of the bottom of object / when it is
located at (i, j) position at level k;
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u; > 0: the height of the bottom of object /;

hi; = 0: the height of the top of the top object at (i, j);

gij € {0, 1}: whether the top of the top object in cell
(i, j) is the highest among all cells in column i;

s;j € {0, ..., K}: the number of additional objects
allowed to be stacked at cell (i, j);
sij € {0, ..., K}: the number of additional objects

actually feasible to be restacked at (i, j), accounting
for obstacles in front of the cell;
s;i € {0, ..., K my}: the total number of free space
available for placing relocated objects in column i;
€ {0, 1}: indicates whether object !’ is in front of
object / and needs to be relocated to retrieve object
| from (i, j) at level k;
a;j € {0, 1}: indicates whether cell (i, j) is occupied by
any object;
8;j € {0, 1}: indicates if either (i — 1, j) or (i +1, j) is
unoccupied (i.e., pushes are available);
€ {0, 1}: indicates whether object I’ is at (i, j) level 1,
needs to be relocated to retrieve object /, and can be
pushed to the left or right;
€ {0, ..., n—1}: the number of objects that need to
be removed to retrieve object / from (i, j) at level k.

Vr'lijk

p
S1ij
byijk

C. Objective

n  my My

K
Minimize > > > piQuje + b)) (©)

I=1 i=1 j=1 k=1

The objective (6) minimizes the retrieval cost y;;jx for each
object [ plus any removal penalty incurred, weighted by object
I’s retrieval frequency p;.

D. Constraints

my my K
Zzth’jk =1, Vi (7a)
i=1 j=1 k=1
D w1, Vijk (7b)
=1
leijk > leij,k-H» Vi, j, k (7¢)
=1 =1
(A = ru)xpijesr < 1V —xpje, VLU0 jok (7d)
k=1
hpxpije i x4 = 1, .
Uiijk = EZT J / vi,i, j, k (7e)
0 otherwise,
my my K
i = zzzulijka vl (71)
i=1 j=1 k=1
n K
hij =2 i, Vi, (T2)
=1 k=1
1 if hy; = max h;j,
qij = J' Vi, j (7h)

0 otherwise,
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n K
Sij = K — szlijka Vi,j (71)

=1 k=1

j—1
- Sij if Zqij/:(),

Gy = = Vi, j )
0  otherwise,
m)»
§i = ZEU’ vi 70
j=l
(1 if x;6 =1 and
Jj=1 K Jp—
Vplijk = j'=1 ;"'Zl i : Vi,i, ]k
and up +hy > iy,
| O otherwise,
(71)
max (z (U]’lijk+
£l
P K
lijk = Z X[/ijk’) - Zsz 0) if xgije =1,
k'=k+1 i"#i
0 otherwise,
VL, ok 7
) n K
1 if szlijk > 1, .
ajj = =1 k=1 i mw
| O otherwise,
0 ifa_1;+a41;=2, ;
5 — \J o Vi, 7o
ij [ 1 otherwise, ! -
(1 if xp =0y =
3ll/)lij = Zj"=j+1 2w—1 Vg = 1, VI L
0 otherwise,
(7p)
K
S e (o + 3% e
'l k'=k+1
-1
Viijk = N it e =1,
- Z;(C” - Cl’p)fsﬁnjl vi, i,l}, k
Jj'=
o otherwise,
(7q)
.X'[ijk, aij; vl/]ijk’ 8ij’ Bﬁlijk’ qu S {0, 1}, Vl/, 17 i’ ja ka
(7r)
Yiijis hij, wiie, i € Reo, Vi, jok, (75)
Sij» 8ijs Sisbiij € Z=o, Vi, J. (70

Constraint (7a) ensures that each object is assigned to
exactly 1 position and level. Constraint (7b) ensures that
each position and level is assigned at most 1 object. Con-
straint (7c) ensures that lower levels are filled up before
filling higher levels. Constraint (7d) enforces the stack-
ing order constraint. Constraint (7e) and constraint (7f)
both compute the height of the bottom of object /. Con-
straint (7g) computes the total height of all objects at each cell.
Constraint (7h) computes, for each column, the row that
is stacked highest. Constraint (7i) computes the number of
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Algorithm 1 Iterative Refinement of Existing Arrangement
Input: Current arrangement S, refinement budget 7', width of
beam search B
Output: Refined arrangement S’
1:  Set of arrangements to track S = {S}
2: forrin1:7 do
3: for each arrangement S;_;; in S do
4 Find all feasible object-moves a (including no
action) and their resulting arrangements
5: Compute the expected retrieval cost for each
refined arrangement using Formula (1) or (7a)
6: Sort and find the top B refined arrangements with
the smallest expected retrieval cost: S;; 1, ..., S B
end for
Sort the resulting B> arrangements by their expected
retrieval cost
9: Set S to be the top B arrangements
10: end for
11: Return the best arrangement S’ in S

levels unoccupied for each cell. Constraint (7j) computes the
number of objects actually feasible to be placed at each cell.
Constraint (7k) computes the total number of free spaces
available for relocating objects in each column. Constraint (71)
specifies that object I’ needs to be relocated for retrieving
object [ if it is in front of object / and its top height is greater
than the bottom height of object /. Constraint (7m) computes
the number of objects required to be removed off the shelf
when retrieving object /, which is equal to the total number
of obstacles relocated less the total number of free spaces in
the front of other columns. Constraint (7n) computes whether
each cell is occupied by any object. Constraint (70) computes
whether pushing action is feasible for the bottommost object at
each cell. Constraint (7p) computes whether a pushing action
will actually be applied to object I’ when retrieving object
[. Constraint (7q) computes the cost of retrieving object 1.
Again, all the above switch-case constraints can be linearized
by introducing auxiliary variables.

VIII. REFINEMENT OF EXISTING ARRANGEMENTS

In this section, we consider the scenario where objects
are already on the shelf. Instead of taking them all out
and arranging them from scratch according to an optimal
arrangement, we seek to improve the current arrangement
through a few manipulation steps. This is motivated by the
observation that a well-arranged shelf may be disturbed after
retrieving some objects and that a few action steps such as
putting the relocated objects back to their original position to
partially restore the arrangement can significantly reduce the
expected cost for future retrieval. This is also applicable to
the case where some additional objects need to be put onto
the shelf that already contains many other objects. In these
scenarios, the goal is to take a few actions while making the
resulting refined arrangement as best as possible.

We propose an iterative refinement strategy using beam
search. Let the current arrangement be S, and suppose we
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are willing to like to take at most 7 actions to refine S.
The iterative refinement algorithm works as follows: We first
consider all the possible actions to take and select the top
B among all 1-step refinements, where B is the beam width.
We then iteratively refine the previously refined arrangements,
taking the top B refinements in each step to avoid the expanded
tree search from exploding, until we reach the refinement
budget T. See Algorithm 1 for pseudocode. We note that when
B = o0, this reduces to an exhaustive search, and when B = 1,
this is a myopic greedy search.

An alternative approach to the refinement problem is
to re-solve OSA-MIP or OSA-MIP-Stack with additional
constraints. In particular, let xl‘?j be the binary variables
representing the existing arrangement. We can add another
variable n;;; =1, £ indicating whether an object’s position
is changed and an additional constraint Z,’i’ jmij = T to
limit the total number of objects that will be relocated in the
refinement arrangement to be within the budget 7. We note
that, compared to the iterative refinement algorithm, this
overestimates the benefit brought by the refinement, since the
refined solution may require relocating objects that are at the
back of the shelf in S, and so executing the refinement by
the robot could take more than 7 steps. However, one could
also add additional constraints on 7;;;, such as requiring the
relocated objects to be at the front of the shelf, to mitigate
this drawback.

IX. OSA PLANNING EXPERIMENTS

We conduct simulated experiments to evaluate the benefit
of OSA-MIP and OSA-MIP-Stack arrangements, as compared
to random arrangements or arrangements generated by a
priority-greedy algorithm while varying shelf size (m,, m,),
density p, the ratio of suction cost to pushing cost ¥, and
removal penalty c,. Additionally, we evaluate OSA-MIP’s gen-
erated arrangements for the sequential retrieval task. We use
a Gurobi solver [69] for all of our experiments.

A. OSA-MIP on Non-Stacked Shelves

To evaluate OSA-MIP, we use 5 shelf sizes (m,,m,) €
{(3,3), 4,4), (5,5), (6,6), (7,7)}, 5 density values p €
{0.3,0.5,0.7,0.8,0.9}, 3 cost ratios ¥ € {1.0, 1.3,2.0}, and
3 removal penalties ¢, € {0, 10, 100}. We sample 3 pushing
costs ¢;, for each object from a discrete uniform distribution
on {lI, ..., 10} and let retrieval frequency be inversely pro-
portional to priority (i.e., the probability of being retrieved
isn:(m—1) :...:2:1 for n objects). We compare
OSA-MIP to two baseline arrangement algorithms on each
of the 5 x 5 x 3 x 3 x 3 =675 object configurations:

1) Random: objects are assigned to a position on the shelf
drawn uniformly at random.

2) Priority-Greedy: we select n positions on the shelf
uniformly at random, sort the positions by their depth
in the shelf, then assign the n objects to the positions
in the order of priority (i.e., the highest priority object
is assigned to the frontmost position). We use random
positions instead of placing all the objects at the front
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or back of the shelf because the latter approach will not
leave space between objects for pushing actions.

To evaluate the true expected cost C(S) for each arrange-
ment, we use an A* search algorithm to find an optimal
action sequence A;'S for retrieving each object and compute
the corresponding optimal cost, cost(lS), weighted by the
probability p;. Preemptive actions are considered: at each
step, pushing, suction, and removal actions are allowed on
the frontmost object in all columns. We use the sum of
pushing costs of all obstacles in front of the target object
as an admissible heuristic since it is a lower bound on the
retrieval cost. However, A* search becomes intractable in
relatively dense (o > 0.7) shelves for target objects at the
back both due to the large branching factor and the large
number of actions needed to retrieve the object. We switch
to a non-preemptive retrieval policy that computes cost(l°)
when A* search fails to find an optimal retrieval plan within
1 minute.

Figure 3 plots the cost of OSA-MIP and Priority-Greedy
arrangements as a percentage of Random arrangements for
each setting. Since retrieval cost increases as the shelf becomes
denser and the number of objects, the suction cost, or the
removal penalty increases, we normalize the average cost of
OSA-MIP and Priority-Greedy arrangements by that of the
Random arrangements. We can see that OSA-MIP makes
retrieval significantly more efficient, with its expected retrieval
cost only 20-40% of the cost of Random arrangements, while
Priority-Greedy arrangements have 60-80% of the cost of
Random arrangements. As the density increases and the shelf
becomes larger, the relative benefit of OSA-MIP decreases
slightly but remains nearly half the cost of the Priority-Greedy
arrangements. The effect of ¥ and ¢, on the relative cost is
small, although OSA-MIP performs relatively better when c,
is large because it directly optimizes to avoid removal, unlike
Priority-Greedy and Random.

We also evaluate the cumulative cost for sequential object
retrieval. We iteratively sample target objects according to the
retrieval distribution normalized by the current objects, execute
the retrieval, and repeat until all objects have been retrieved
or removed. The results are shown in Figure 3, which suggest
that OSA-MIP has a lower cumulative cost, especially for less-
dense shelves. As more objects are retrieved and the initial
arrangement is disturbed, the relative benefit of OSA-MIP
decreases since it optimizes for a single retrieval.

B. OSA-MIP-Stack on Stacked Shelves

We similarly analyze the benefit of OSA-MIP-Stack. For
stacked environments, we define the density as p = mﬂ’;v 7
We set K = 3, which means that any density greater than 33%
would be infeasible in the non-stacking case. We consider
3 shelf sizes (m,,m,) € {(3,3), 4,4), (5,5)}, 5 density
values p € {0.2,0.3,0.4,0.5, 0.6}, and 3 removal penalties
¢ € {0, 10, 100}. As Figure 3 suggests that the relative cost is
insensitive to ¢,, we fix ¢, = 1.3. Similar to before, we sample
the object sets 3 times for each shelf configuration and com-
pare the average cost of OSA-MIP-Stack with Priority-Greedy
and Random arrangements among the 3x5x3x3 = 135 object
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Non-stacked shelves. Top row: Effect of shelf density p (left), cost ratio ¥ (middle), and removal penalty ¢, (right) on the cost of OSA-MIP and

Priority-Greedy arrangements as a percentage of random arrangement costs across shelf sizes. Bottom row: Cumulative retrieval cost for OSA-MIP and
Priority-Greedy arrangements as a percentage of random arrangement costs for the sequential retrieval task across different shelf densities. OSA-MIP
outperforms baselines despite optimizing only for a single retrieval; however, for denser shelves or as more objects are retrieved, the relative benefit of

an OSA-MIP arrangement decreases.
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Fig. 4. Stacked shelves. Comparison of the expected retrieval cost of

OSA-MIP-Stack and Priority-Greedy arrangements as a percentage of random
arrangement costs across different shelf sizes and various shelf densities p.
All shelves allow a maximum stack level of 3.

sets. For each object set, we randomly sample their 3D
dimensions from a uniform distribution, set ¢, to be their
volumes, and set the stacking constraints to only allow objects
to be stacked on other objects with larger base areas.

Figure 4 plots the cost of OSA-MIP and Priority-Greedy
arrangements as a percentage of Random arrangements as
a function of shelf density. We see that OSA-MIP arrange-
ments make retrieval most efficient, with its expected retrieval
cost 10-40% of the cost of Random arrangements, while
Priority-Greedy arrangements have 50-70% of the cost of
Random arrangements. And similar to Figure 3, as the density
increases and the shelf becomes larger, the relative benefit of
OSA-MIP decreases slightly but remains nearly half the cost
of the Priority-Greedy arrangements.

C. Shelf Refinement

We next evaluate the iterative refinement algorithm proposed
in Section VIII. We compare 2 instantiations of iterative
refinement, greedy search (B = 1) and beam search (B = 10),
with OSA-MIP with an additional constraint. As described
in Section VIII, OSA-MIP with an additional constraint
Zl,i, jmij < T is an upper bound of refined arrangements
since it considers the number of relocated objects instead of
the number of rearrangement actions. For each configuration,
we randomly initialize the objects and their positions as before.
Figure 5 shows the comparison on 3 shelf sizes (m,,m,) €
{(3,3), (5,5), (7,7)} and 3 density values p € {0.3,0.5,0.7}.
As expected, the cost reduction for OSA-MIP with an addi-
tional constraint is larger than beam search and greedy search.
Moreover, we can see that all curves show diminishing returns:
Rearranging the position of one object can significantly
improve an existing arrangement, especially for small shelves,
while additional rearrangement steps bring smaller benefits.
Overall, iterative refinement achieves a 15-85% reduction in
the retrieval cost with fewer than 5 rearrangement actions
compared to random initial arrangements.

X. OSA-MIP FOR MECHANICAL SEARCH

While OSA assumes full observability and optimizes for
expected retrieval cost, we hypothesize that an optimal
arrangement can also benefit lateral-access mechanical search,
where a known target object must be searched from a partially
observed shelf of unknown objects. We evaluate Random,
Priority-Greedy, and OSA-MIP arrangements for mechanical
search using SLAX-RAY [5] for non-stacked shelves and
STAX-RAY [68] for stacked shelves. Both policies calculate
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(7,7)} and 3 density values p € {0.3,0.5,0.7}.
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Fig. 6. Example of non-stacked object arrangements with 15 objects in the FOSS simulator. The color denotes priority, where the darker the color, the higher
the priority. The dimensions of the objects are randomly generated, and the cost of moving each object is set to be proportional to its volume.
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Example of stacked object arrangements with 2 levels and 20 objects in the FOSS simulator. The color denotes priority, where the darker the color,

the higher the priority. The dimensions of the objects are randomly generated, and the cost of moving each object is set to be proportional to its volume. The
stacking constraints are such that objects with smaller base areas are allowed to be stacked on top of objects with larger base areas.

the target occupancy distribution, which indicates the probabil-
ity of each object occluding the target object, and then greedily
reduce the occupancy distribution support through pushing and
suction actions using a bluction tool. In contrast to the action
set in Sections III and VII, removal actions are not considered
by SLAX-RAY and STAX-RAY and objects cannot be moved
behind other objects, so we set ¢, to a large value in OSA-MIP
and OSA-MIP-Stack to discourage removal actions. We use a
shelf size of 0.8 m x 0.5m x 0.5m in both simulation and
physical experiments. A trial is successful when the target is
retrievable.

A. Simulation Experiments

We conduct experiments in simulation using the First Order
Shelf Simulator (FOSS) simulator [7]. We discretize the shelf
into a 5 x 4 grid. For the non-stacked setting, we use 6, 8,

10, 12, 14, and 16 cuboid objects (corresponding to density
p = 30-80%), and for the stacked setting, we allow a
maximum stacking level of 2 and use 12, 14, 16, 18, 20, and
22 cuboid objects (corresponding to density p = 30-55%). For
each density, we randomly sample an object set 50 times and
sample Random, Priority-Greedy, and OSA-MIP/OSA-MIP-
Stack arrangements. The objects are generated with randomly
sampled dimensions within the limit of the grid size and
are assigned retrieval probabilities p; drawn from a standard
uniform and normalized. As heavier objects tend to be more
difficult to move, we set the pushing cost of each object to
be proportional to its volume and use a cost ratio of ¥ =
1.3. We evaluate each arrangement based on the number of
steps, success rate, and retrieval cost SLAX-RAY/STAX-RAY
produces for each object, weighted by p;. SLAX-RAY/STAX-
RAY fails if it takes 2n actions without revealing the target
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TABLE 1
MECHANICAL SEARCH IN SIMULATION FOR NON-STACKED SHELVES.
SIMULATION RESULTS BY SLAX-RAY OVER 900 TRIALS ON A 5 x 4
DISCRETIZED SHELF. ALL AVERAGES ARE WEIGHTED BY THE
RETRIEVAL PROBABILITIES OF EACH OBJECT. MEAN STEPS AND COST
ARE COMPUTED AMONG SUCCESSFUL SEARCHES ONLY. OSA-MIP
PROVIDES ARRANGEMENTS THAT LEAD TO THE HIGHEST PROPORTION
OF REQUESTED TARGETS BEING VISIBLE (I.E., DIRECTLY RETRIEVABLE)
AND ACHIEVES THE HIGHEST SEARCH SUCCESS RATE WHEN THE
TARGET IS HIDDEN. THE SMALLER MEAN STEPS AND COST FOR
BASELINES IN HIGHER DENSITY SHELVES ARE BECAUSE SLAX-RAY IS
ONLY ABLE TO FIND OBJECTS IN THE FRONT ROWS OF THOSE
ARRANGEMENTS WHILE IT CAN FIND OBJECTS
AT THE BACK FOR OSA-MIP

No. Metric Random Priority-Greedy OSA-MIP
% Visible Objects 61 £ 15% 75+ 12% 93 +7%

6 % Success Hidden 100 + 0 % 100 + 0 % 100 + 0 %
Mean Steps Hidden 1.3+ 05 12 4+0.2 1.1 £03
Mean Cost Hidden 10.8 + 4.1 10.0 £ 2.3 69 + 29

% Visible Objects 56 + 13% 71 9% 81+ 7%

8 % Success Hidden 9 4+ 3% 100 + 0% 100 + 0%
Mean Steps Hidden 1.5 £ 0.8 1.3 £04 1.2 £ 0.5
Mean Cost Hidden 125 +£73 11.5 £ 4.7 8.1 + 2.7

% Visible Objects 51+ 11% 67 £ 7% 73+ 6%

10 % Success Hidden 97 £ 15% 97 £ 15% 100 + 0 %
Mean Steps Hidden 1.8 £ 0.7 14+ 04 1.1 £+ 04
Mean Cost Hidden 155 £ 64 11.5 £ 4.1 8.7 + 2.9

% Visible Objects 41 + 8% 60 + 6% 63 +5%

12 % Success Hidden 85 £ 33% 97 + 7% 100 + 0%
Mean Steps Hidden 1.7 £ 0.9 1.5+ 05 14 + 04
Mean Cost Hidden 148 + 7.7 13.1 £ 4.0 10.6 £+ 2.7

% Visible Objects 36 £7% 53+5% 5+7%

14 % Success Hidden 71 £ 39% 77 £ 35% 100 + 0%
Mean Steps Hidden 1.7+12 1.3 £ 0.7 1.7 £ 0.4
Mean Cost Hidden 15.2 + 10.7 11.5 £+ 6.6 134 + 32

% Visible Objects 31+ 8% 51+ 5% 51+ 5%

16 % Success Hidden 56 + 37% 59 +39% 99 + 3%
Mean Steps Hidden 1.6 + 1.3 1.1 + 0.9 1.8 £ 04
Mean Cost Hidden 14.1 £ 12.1 10.0 + 8.1 142 + 3.7

object or if there are no allowable actions (e.g., all cells in the
front row are occupied).

Figures 6 and 7 show some example scenes. In non-
stacked environments, we can see that, compared to Random
arrangements, Priority-Greedy puts high-priority objects in the
front; however, it does not leave enough space for the robot
to relocate obstacles when it needs to retrieve objects from
the back. In contrast, OSA-MIP balances priority with space
management. For stacked environments, we see OSA-MIP-
Stack tends to put high-priority objects both at the front (for
those that have large base areas) and at the back on top of some
other objects (for those that have small base areas) since both
positions are easy to retrieve. Compared to Priority-Greedy,
it leaves sufficient space at the front of the shelf for relocating
obstacles.

Tables I and II show the results of SLAX-RAY and
STAX-RAY for the non-stacked and stacked cases respectively.
The mean steps and cost are computed only among successful
searches. “Visible objects” refer to the case where the target
requested is already placed at the front of a column and so
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TABLE II
MECHANICAL SEARCH IN SIMULATION FOR STACKED SHELVES.
SIMULATION RESULTS BY STAX-RAY OVER 900 TRIALS ON A 5 x 4
DISCRETIZED SHELF WITH A MAXIMUM STACKING LEVEL OF 2.
ALL AVERAGES ARE WEIGHTED BY THE RETRIEVAL
PROBABILITIES OF EACH OBJECT. SEE TABLE I

No. Metric Random Priority-Greedy =~ OSA-MIP-Stack
% Visible Objects 51 £ 12% 69 £ 7% 86 + 6%
12 % Success Hidden 98 £ 6% 98 £ 9% 100 £ 1%
Mean Steps Hidden 23+ 1.1 1.9 +£ 0.6 1.6 + 0.3
Mean Cost Hidden 185 £ 9.7 147 £ 4.6 11.0 + 3.1
% Visible Objects 47 £ 9% 65+ 8% 84 +5%
14 % Success Hidden 96 + 10% 97 + 8% 98 + 7%
Mean Steps Hidden 2.7 £ 1.2 2.0+ 0.5 1.7 +£ 03
Mean Cost Hidden  20.9 + 8.8 153 +£ 42 12.1 £+ 2.8
% Visible Objects 45 £ 11% 61 £ 9% 80 + 6%
16 % Success Hidden 83 + 19% 87 £ 22% 97 + 7%
Mean Steps Hidden 2.2 £ 1.0 22+ 1.0 1.9 + 04
Mean Cost Hidden  17.7 £ 8.3 177 £ 7.7 14.0 £+ 3.1
% Visible Objects 42 + 8% 59+7% 73+ 5%
18 % Success Hidden 73 + 24 % 80 £ 25% 94 + 10 %
Mean Steps Hidden 22+ 1.1 1.9 + 0.8 224+ 0.7
Mean Cost Hidden 169 + 8.4 14.8 £+ 6.3 16.4 £+ 6.1
% Visible Objects 40 £9% 56 £ 8% 67 £ 6%
20 % Success Hidden 55 +31% 77 £ 22% 89 + 10 %
Mean Steps Hidden 1.5+ 1.0 1.9 £09 2.1 +08
Mean Cost Hidden  11.8 £ 7.9 145 £ 179 147 £ 5.7
% Visible Objects 39+ 9% 54+ 6% 62+ 6%
22 % Success Hidden 47 + 28 % 67 £ 24% 77 £ 22%
Mean Steps Hidden 1.3 + 1.0 1.6 £ 0.8 19 £ 1.0
Mean Cost Hidden  10.0 + 8.2 123 £ 6.8 14.0 £ 69

is directly retrievable without any steps of search. For non-
stacked shelves, we see that OSA-MIP arrangements not only
have the largest proportion of time when the requested target
is readily retrievable, but the search success rate among hidden
objects remains 99-100% even for relatively dense shelves and
is 40-43% higher than baselines for 16 objects. The smaller
mean steps and cost for baselines in dense shelves are due
to the exclusion of failures in the calculation. In particular,
for baseline arrangements, SLAX-RAY can only successfully
find objects in the front rows that require fewer steps, while
OSA-MIP leaves sufficient space for SLAX-RAY to manipu-
late and find deeply hidden objects at the back so its weighted
average steps and cost among all successful trials are larger.

For stacked shelves, we see a similar pattern in Table II.
OSA-MIP-Stack arranges the objects such that the largest
percentage of the time, the search target is directly visible
and retrievable, and even for objects that are hidden, they
require the fewest steps and are easiest to find, suggesting
higher search efficiency. Compared to baselines, STAX-RAY
achieves the highest success rate on OSA-MIP-Stack arrange-
ments. As the shelf becomes denser, STAX-RAY can only
successfully find objects in the front of the shelf, while it is
able to execute more relocation actions to find hidden objects
in OSA-MIP-Stack arrangements.

B. Physical Experiments

We also evaluate the benefit of OSA-MIP in physical exper-
iments. We consider a non-stacked shelf as shown in Figure 1.
We use a physical Fetch robot with a “bluction” tool [5] and an
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TABLE IIT
MECHANICAL SEARCH IN REAL RESULTS BY SLAX-RAY
OVER 54 PHYSICAL TRIALS WITH A FETCH ROBOT ON A PHYSICAL
SHELF DISCRETIZED INTO A 4 x 3 GRID. AS THE SHELF IS NOT DENSE,
SLAX-RAY FINDS ALL TARGETS SUCCESSFULLY IN ALL
ARRANGEMENTS. ALL AVERAGES ARE WEIGHTED BY THE OBJECTS’
RETRIEVAL PROBABILITIES. OSA-MIP PRODUCES ARRANGEMENTS FOR
WHICH SLAX-RAY CAN FIND THE TARGET IN 2X FEWER STEPS AND 3X
LOWER COST THAN BASELINES, SUGGESTING THAT MECHANICAL
SEARCH POLICIES CAN BENEFIT FROM OPTIMALLY
ARRANGING OBJECTS FOR RETRIEVAL

No. Metric Random  Priority-Greedy =~ OSA-MIP

% Visible Objects 63.2% 78.9 % 100 %

4 Mean Steps Hidden 1.0 1.0 0.0
Mean Cost Hidden 7.0 10.0 0.0
% Visible Objects 77.8 % 55.6% 81.5 %

6 Mean Steps Hidden 4.7 2.6 22
Mean Cost Hidden 37.7 20.1 11.2
% Visible Objects 50.0 % 69.4 % 69.4 %

8 Mean Steps Hidden 5.1 3.1 24
Mean Cost Hidden 29.2 22.6 11.1

Intel RealSense LiDAR Camera L515 mounted on top of the
robot base for RGBD observations. Compared to simulation,
this introduces noises both in actions (a dislocated object may
not be put precisely into a cell) and in the depth perception of
occupied and empty spaces. As such, occasionally, the robot
may choose a suction action to place an object somewhere else
instead of pushing it left or right either because the space is
partially occupied by a misplaced object or the robot mistakes
the occupancy of the cell due to noises from the depth sensor.
We discretize the shelf into a 4 x 3 grid and select a set of 4, 6,
or 8 household objects (shown in Figure 1). We ask a volunteer
to rank the 8 objects in the order of how frequently the person
uses them (the order from most frequent to least frequent is
roughly “snacks, tissues, beverages, and kitchen and cleaning
supplies”). We also measure the weight of each object and use
them as a proxy for the robot retrieval costs.

Figure 1 shows an optimal arrangement solution found
by OSA-MIP for 6 objects and for 8 objects. We can see
that OSA-MIP trades off priority and moving costs while
leaving space between objects to allow pushing actions. For
example, it puts the frequently used snacks in the front and less
frequently used cleaning supplies at the back. As one of the
snack cans is heavy despite high priority, it is placed in front
of the least frequently used object to minimize dislocation.

We run the same experiments for each object set as in
the simulation for non-stacked shelves. Specifically, for each
set of objects, we randomly sample 3 arrangements: Ran-
dom, Priority-Greedy, and OSA-MIP. We then loop through
all objects, treat each as the target object, and apply the
SLAX-RAY search policy to find them. A rollout is counted as
a success if at least 80% of the target object becomes visible.
We evaluate the number of steps taken and the cost incurred
and compute the overall average steps and costs weighted by
the retrieval probabilities. Table III shows the results. As the
shelf is not dense, SLAX-RAY successfully finds all targets
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in all arrangements so there is no bias in the means due to
the exclusion of failures as in Tables I and II. We see that
OSA-MIP achieves 2x fewer steps and 3x lower costs to find
hidden objects on average, suggesting that mechanical search
policies can benefit from optimally arranged objects.

XI. CONCLUSION AND FUTURE WORK

In this paper, we formalize the Optimal Shelf Arrangement
(OSA) problem and propose OSA-MIP, a mixed-integer pro-
gram that efficiently optimizes an upper bound of the expected
retrieval cost and solves for a near-optimal arrangement.
We further extend the model to consider object stacking and
propose OSA-MIP-Stack, as well as an iterative refinement
algorithm for improving an existing arrangement. Experiments
suggest that optimally arranged shelves make both object
retrieval and search more efficient compared to randomly and
greedily arranged shelves.

There are a few limitations of the proposed framework.
First, we assume a uniformly discretized shelf where all
objects are of similar sizes. Extending OSA to a more general
continuous space formulation and accounting for irregular
spaces are promising future directions that would make the
framework more practical. Second, we assume known retrieval
frequencies and robot moving costs for each object. While
such information may be available in industrial settings, it may
not hold true for home applications. Estimating them from
prior knowledge [70] or learning from human preferences [58]
can be alternative solutions. Additionally, future work can
incorporate semantic considerations of the objects [71] in
addition to geometric aspects, for example, by arranging
semantically similar objects to be close to each other.
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